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1 Setting the scene

This document is designed to act as a guide to computing the Fermi contact shift using CRYSTAL.

It assumes the user is familiar (but not an expert) in python, bash, and has access to the CRYSTAL

executables on a cluster. We will begin by briefly introducing the hyperfine interaction in paramagnetic

solids and its influence on a solid-state nuclear magnetic resonance (NMR) spectrum. From here, we

will discuss how to compute the Fermi contact shifts using CRYSTAL in three steps: (1) a spin-locked

calculation; (2) a spin-relaxed calculation; and (3) properties extraction. From the properties, we

describe how to use a python script to determine the shifts at experimentally relevant fields and

temperatures.

2 The Hyperfine Interaction

In the presence of a magnetic field, both the nuclear and electronic spin states of a paramagnetic

material are split via the Zeeman interaction.i Compared to the NMR timescale, the relaxation of

electronic microstates is rapid. Therefore, the nuclear magnetic moments in the sample interact with

the time-averaged magnetic moment of the electron spins, ⟨µe⟩, rather than with individual electronic

spin microstates. This interaction is known as hyperfine coupling and can result in significantly larger

iThe Zeeman interaction describes the interaction between a spin, S, and a magnetic field, B. Note that the symbol
B is strictly reserved for the magnetic flux density, related to the applied magnetic field strength, H, by B = µ0(M + H).
Throughout this tutorial, we will assume the magnetic susceptibility, χ =M/H, is much less than one, so the applied field
strength and flux density are, to all intents and purposes, equal.
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shifts than those observed in diamagnetic spectra. The Hamiltonian for the hyperfine coupling is:

Ĥhf = Ŝ ·A · Î, (1)

where Ŝ and Î are the electronic and nuclear spin operators, respectively, and A the hyperfine

interaction tensor. It turns out thatii A may be divided into an isotropic Fermi contact coupling term

and a traceless, symmetric spin-dipolar tensor, ASD:

A = AFC1 +ASD, (2)

where 1 is the 3 × 3 identity matrix. In solids, we typically expect the electrons to occupy crystalline

orbitals, delocalised over all centres in the crystal. Consequently, there is a finite probability that an

unpaired electron originating from a paramagnetic centre (e.g., a transition metal, TM) will delocalise

onto nearby diamagnetic species (e.g., a ligand): this is known as the delocalisation mechanism.

Furthermore, unpaired electrons primarily localised to one paramagnetic centre may, in addition

to delocalising, spin-polarise nearby diamagnetic electrons (via Hund’s rules): this is known as the

polarisation mechanism. Both mechanisms are responsible for generating a finite amount of unpaired

electron spin density at or nearby a nucleus, resulting in a hyperfine interaction. The Fermi contact

interaction is generally responsible for the large-magnitude isotropic shifts seen in paramagnetic

materials, whilst the spin dipolar interaction dominates the spinning sideband manifold.

2.1 The Fermi Contact Interaction

The Fermi contact interaction is an orbital-mediated process, where unpaired electron spin density

is transferred from a paramagnetic centre to the nucleus of interest, X.iii One can write the isotropic

Fermi contact coupling as:

AFC =
µ0µBµNgegN|ψα−β(RN)|2

3S
, (3)

iiA cure-all phrase which here means that there is no intention of deriving this here, but rest assured the result is true.
iiiThe Fermi contact interaction can only occur via spin density transfer (delocalisation- or polarisation-driven) from a

paramagnetic centre to the s orbitals on X, since these are the only orbitals which have non-zero electron density at the
nuclear position.
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where µ0 is the permittivity of free space; µB the Bohr magneton; µN the nuclear magneton; ge and

gN the free-electron and nuclear g-factors, respectively; |ψα−β(RN)|2 is the unpaired spin density at the

nuclear position and S is the total electronic spin. The Fermi contact hyperfine coupling results in a

shift, δFC, which invariably overwhelms the isotropic shift observed in an NMR spectrum:

δFC =
2SAFCχM

NAµ0µBµNgegN
, (4)

where χM is the molar magnetic susceptibility and NA is Avogadro’s number. As δFC depends on

the magnetic susceptibility, it is possible to extract information about the paramagnetic behaviour

of a material from its paramagnetic shift. The extent of spin transfer—and therefore the value of

δFC—depends on the degree of orbital overlap along the pathway between the paramagnetic centre

and X: this is termed the bond pathway and, as we shall see, can allow us to readily predict hyperfine

shifts of highly disordered materials without having to re-compute the shift in all possible local

environments.

The relative magnitudes and signs of the spin density transferred along a bond pathway may be

qualitatively rationalised using the Gooednough-Kanamori-Anderson rules. As a concrete example,

let us imagine two scenarios: firstly, a lithium ion which is bonded to a transition metal (TM) centre via

an intermediary O2− ligand with a bond angle of 90◦; secondly, the same Li+–O2−–TM configuration,

now with a 180◦ angle. Both are depicted in Figure 1 in terms of the relative energies of different local

molecular orbitals of the Li+–O2−–TM unit. We recall that the s orbitals are those which will generate

electron spin density at the nuclear position (|ψα−β(RN)|2 in eq. 3) which, in the case of Li+, are vacant.

In the case of TM oxides, the highest-energy orbitals are usually either non-bonding or (weakly)

anti-bonding in nature. Recall also that the d-orbitals on the TM cations which point between bonds

typically have t2g symmetry and overlap side-on with ligand orbitals ("π-like"), while those d orbitals

along bonds typically have eg symmetry and overlap head-on ("σ-like").

For a 90◦ pathway, one can envisage four scenarios of overlap: two of π-like character and two

σ-like. There are two of each type because the bond pathway could derive from a high-energy,

fully-occupied, spin-polarised orbital, or from a partially occupied frontier orbital. Vacant orbitals

3



Figure 1: Illustrations showing the Fermi-contact hyperfine interaction for two representative TM
to Li pathways in LixTMO2 materials. The polarised spins are denoted using dashed spins. The
bottom two schematics illustrate spin delocalisation; the top two illustrate spin polarisation (and
delocalisation).
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are unlikely to contribute to the shift, as these do not contain any electron density. For the sake of

simplicity, we shall focus on the bond pathway from the perspective of the O2− [Figure 1, bottom left].

If we were to imagine that the O2− is the source of electrons in this orbital, then the electrons which

sit, on average, closer to the TM cation in the TM–O2− bond will be spin-polarised by the unpaired

electrons on the TM; conventionally, this is assumed to be "up".iv Correspondingly, those electrons

which, on average, sit closer to O2− must be polarised mostly down in order to ensure electrons in the

TM–O2− bond are spin-paired, as per Hund’s rules. Since the O2− has filled p orbitals, then to ensure

Hund’s rules are obeyed on O2−, the electron sitting in the p lobe closer to Li+ must be mostly spin

up. As the Li+ s orbital is vacant, the O2− electron will delocalise onto the Li+ s orbital, giving net

positive spin density on Li+ s. It is important to note that, in this "virtual electron hopping" scheme

we have just derived, only two electrons are delocalised across the Li+–O2−–TM unit: we can break

this down into the two constituent bonds within this unit to work out how the up and down electrons

are distributed. In the case of a part-filled π-like interaction, only one electron can delocalise and so

the Li+ s orbital acquires the same sign of polarisation as the TM [Figure 1, second from top, left].

Both of these pathways rely solely on the delocalisation mechanism of spin transfer.

For a σ-like interaction along a 90◦ pathway, there are two orbitals involved along the bond

pathway: one along the TM–O2− bond, and one along the O2−–Li+ bond; these bonds are, by

construction, perpendicular [Figure 1, second from bottom, left]. Along the TM–O2− bond, one can

(again) assign electrons which sit closer to the TM as having more "up" character, with those sitting

closer to O2− correspondingly having more "down" character. Hund’s rules dictate that electrons

in different orbitals on the same species will prefer to align parallel than anti-parallel (known as a

polarisation mechanism of spin transfer); as such, the electrons on the O2− p involved in the O2−–Li+

bond will also have more "down" character. The "down"-like electrons on O2− will delocalise onto the

vacant Li+ s orbital to give a negative spin density at the nuclear position. A half-filled σ-like orbital

will, as in the π-like case, result in the same sign polarisation on Li+ s as the TM [Figure 1, top left].

Now turning to the 180◦ pathway: in the case of a filled π-like interaction, two orthogonal orbitals

ivThis is not entirely arbitrary. When placed in a strong magnetic field (such as the fields at which NMR experiments are
performed), the unpaired electrons on the TM cations will tend to align with the field, as this is the lower-energy microstate
(in the absence of strong magnetic exchange couplings).
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are involved, as in the 90◦ σ-like interaction [Figure 1, bottom right]. For the TM–O2− bond, electrons

closer to the TM will, on average, be polarised spin "up" and as such those nearer the O2− are mostly

spin "down". Invoking Hund’s rules for exchange between orthogonal p orbitals on O2− gives a net

"down" spin on the O2− p orbital pointing towards Li+, so the Li+ s acquires overall "down" spin by

delocalisation. Part-filling this orbital again leads to the same sign polarisation on Li+ s as the TM

[Figure 1, second from top, right].

Finally, for the filled σ-like 180◦ pathway, only one orbital is involved, analogous to the 90◦ π

path. Focusing initially on the TM–O2− bond only, electrons which are closer to the TM will have

more "up" character, while those nearer O2− will be more "down" like. As the O2− p orbital is full, the

lobe pointing towards the vacant Li+ s orbital must be mostly "up" character; this delocalises onto the

s, giving overall "up" character to the Li+ s orbital. Making the σ-like 180◦ orbital part-filled yields

direct transfer of electron density from the TM to Li+ with the same sign polarisation [Figure 1, top

right].

Clearly, almost all bond pathways will involve some admixture of the 90◦ and 180◦ interactions,

as no pathway will be exactly at 90◦ or 180◦. One must think carefully, therefore, about the degree to

which the 90◦ and 180◦ will dominate (based on the overall angle and symmetry of the interaction)

and, within each of these angles, whether filled or part-filled σ- or π-like interactions will dominate.

In general, we can construct qualitative rules to guide our intuition about the relative signs and sizes

of bond pathways:

� If the symmetries of the TM and ligand orbitals are the same, their orbitals must overlap and

spin delocalisation will dominate.

� If the symmetries of the TM and ligand orbitals differ, these orbitals may not mix, and

polarisation will instead dominate.

� In general, delocalisation is stronger than polarisation, as it requires fewer orbitals to transfer

spin density from one centre to another.

� In general, σ-like interactions will be stronger than π-like.
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2.2 Overview of the Computational Approach

Based on the above arguments, one can begin to construct a qualitative picture of the signs and sizes

of bond pathways between a TM and its nearby ligands; exact evaluation, however, is not feasible and

typically requires quantum-chemical calculations. Computing these shifts can be done in CRYSTAL:

the wavefunction for the system is determined assuming a (often fictitious) ferromagnetic ground

state—i.e., the electron spins on all paramagnetic centres are fixed to be parallel. Whilst this magnetic

state is not (in general) a true description of the T = 0 K magnetic structure of the material, this state

is more convenient in density functional theory (DFT) calculations. To ensure good convergence of

this state and ensure the spin densities are determined accurately, the calculations proceed via the

following steps:

1. Perform a geometry optimisation using ‘contracted’ basis sets (i.e., bases which contain the bare

minimum number of functions required to describe the orbitals) when the spins of all TM ions

are fixed parallel to each other (a ‘spin-locked’ state);

2. Re-optimise the structure from step (1), this time starting from the ‘spin-locked’ converged

wavefunctions, without any spin constraints in place;

3. Using the optimised structure, begin a single-point energy calculation using a set of ‘extended’

basis sets (i.e., bases which describe the electronic structure of the ions accurately, by including

unoccupied valence orbitals in its description) with all TM spins fixed parallel to each other;

4. Run a final single-point energy calculation on the converged wavefunction from step (3), this

time removing the constraints on the relative spin orientations.

Using the converged wavefunction from step (4) above, the spin densities, |ψα−β(RN)|2, may be

extracted and converted into shifts. Note that steps (1) and (2) need not be done in CRYSTAL: one

can start with a pre-relaxed structure from other DFT codes, or even from a crystal structure obtained

experimentally. Be aware that CRYSTAL can struggle with configurations (structures) which are very

high in energy!
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2.3 Bond pathways

When there are several paramagnetic species present (for example, Ni2+, Co4+ and Mn4+, as seen in

paramagnetic Li-ion battery cathode materials), one can break down the overall shift of a Li-ion into

its constituent bond pathways, δpath
j , assuming that these bond pathways are non-interacting:v

δFC
i =

X
⟨i, j⟩

z jδ
path
j . (5)

Here, the summation is conventionally taken over the nearest and next-nearest neighbour coordination

shell, j, around a central atom, i; the multiplicity of the pathways are given by zj. It is recommended

that one evaluates the sizes of bond pathways of more distant coordination shells to see whether

additional (or even fewer) terms are required. The evaluation of δpath
j is conventionally done using

"spin-flip" calculations of the Fermi contact shift, where the a single paramagnetic spin is flipped from

"up" to "down". In doing so, one can evaluate a pathway via:

δ
path
j =

δFC, ferro
i − δ

FC, flip j
i

2
, (6)

where δFC, ferro
i is the Fermi contact shift for site i computed in a ferromagnetic cell and δ

FC, flip j
i

the Fermi contact shift for site i computed after flipping the jth spin in the nearest or next-nearest

coordination shell of site i.

3 Computing the Fermi Contact Shift

3.1 Step 0: The Structure

Having covered the basics of Fermi contact shifts, we are now in a position to begin calculating.

We will begin by looking at a crystal structure and establishing an appropriate size and shape for a

calculation. Throughout this tutorial we will use a layered Li-ion cathode, Li2MnO3, as an example.

vThis is not always the case: the bond pathways may—and indeed often do—interact, for example in the presence
of residual magnetic exchange couplings between paramagnetic centres, or strongly anisotropic local coordination
environments, where increased orbital mixing is promoted.
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